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Abstract A DNS approach for Eulerian-Eulerian dispersed particles simulation is presented in which a stress
term corresponding to the uncorrelated motion of dispersed particles is identied. Two models for this stress
terms are proposed. The rst model uses an isentropic approximation that relates the local amount of uncor-
related particle kinetic energy to the particle number density. The second model uses a transport equation
comparable to the transport equation for the internal energy in the Navier Stokes equations. The validity of
the Eulerian-Euler formulation is discussed by comparing to a Lagrangian particle tracking simulation using
identical carrier phase realisation. It is found that the dispersed phase behaves in both simulations like a very
compressible gas when the Stokes number is close to unity. The resulting strong gradients in the particle num-
ber density eld can not be resolved on the grid which is sufcient for DNS of the carrier phase. Spectral
analysis of the correlated particle velocity shows the limits of validity of the present simulations.
1 Introduction
Numerical Simulations coupling Lagrangian tracking of discrete particles with DNS (or LES) of the
carrier-phase turbulence provide a well established powerful tool to investigate particle laden ows,
but such numerical simulations have the drawback of being numerically very expensive for practical
applications. Numerical simulations based on separate Eulerian balance equations for both phases,
coupled through inter-phase exchange terms, might be an effective alternative approach. Such Euler-
Euler (or two-uid) DNS approach has been validated for the case of particles with very low inertia
which follow the carrier uid ow almost instantaneously due to their small response time compared
to the time microscales of the turbulence[2].
But as shown by F´ evrier [6], in the case of inertial particles with response times larger than the
Kolmogorov time scale, the Eulerian approach for the dispersed phase must account specically for
the effects due to a random part of the particle velocities which is not spatially correlated (or which
satises the molecular chaos assumption). Following F´ evrier et al. [7] the conditional average of
the particle properties with respect to the same carrier phase turbulent ow realization allows the
derivation of instantaneous Eulerian transport equations, governing the spatially correlated part of the
particle velocities, from a kinetic equation of a conditional particle pdf. From numerical simulations
coupling Lagrangian particle tracking of discrete particles with DNS of forced isotropic turbulence,
F´ evrier [6] showed that the uncorrelated part of the particle velocities increases with inertia. In case
such that, when the particle relaxation time is comparable to the uid Lagrangian integral time scale,
the uncorrelated kinetic energy is about 30% of the total kinetic energy of the particles.
The general purpose of this presentation is the application of such an Euler-Euler DNS approach for
the computationof a decaying gas-particle homogeneous isotropicturbulence with one-way coupling.
Two-phase ow simulations for the same conditions have been performed on structured meshes with
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grid points. Analysis of the numerical results show that the standard Euler-Euler
model does well in the tracer limit, as expected. In contrast, for inertial particles, the need for explicit
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pressure and stress terms accounting for the effect of the uncorrelated part of the particle velocities in
the dispersed phase momentum equation is clearly identied. Models for such terms are tested and
classied. Inertial particle simulation results are found to be very sensitive to the mesh renement
when the particle relaxation time is greater or equal to roughly 1/10 of the turbulent time macroscale
because the smallest length scales of the predicted dispersed phase velocity eld can become signi-
cantly smaller than the smallest length scales of the carrier phase turbulent motion.
The Euler-Euler DNS approach is nally validated by a direct comparison of the predictions (particle
number density and correlated velocity elds, correlated and uncorrelated kinetic energies, spectral
correlated energy distribution) with results form numerical simulations coupling Lagrangian particle
tracking of about
￿
￿
￿
￿
￿ discrete particles with the DNS of the identical carrier turbulent ow computed
on a mesh with
￿
￿
￿
￿
grid points.
2 The Eulerian model
Eulerian equations for the dispersed phase may be derived by several means. A popular simple way
consists of volume ltering of the the separate, local, instantaneous phase equations accounting for
the inter-facial jump conditions [3]. Such an averaging approach is very restrictive, because particle
sizes and particle distances have to be smaller than the smallest length scale of the turbulence.
A different, not totally equivalent way is the statistical approach in the framework of kinetic theory.
In analogy to the derivation of the Navier-Stokes equations by kinetic theory [1], a probability density
function (pdf)
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$ may be dened. This gives the local instantaneous probable number of
particles with the given translation velocity
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￿ . This function obeys a Boltzmann-type kinetic
equation, which accounts for momentum exchange with the carrier uid and for the inuence of
external forces such as gravity and inter-particle collisions. Transport equations of the rst moments
(such as particle concentration, mean velocity and particle kinetic stress) may be derived directly by
averaging from the pdf kinetic equation [15].
For the sake of simplicity in this feasibility study, interaction forces are limited to drag, considering
non-evaporating particles in absence of gravity. The extension to evaporating ows, gravity force,
turbulencecorrectionsinthedragforceandotherinteractionforces isnotinconictwiththepresented
derivation of the Eulerian eld equations. In the presented approach the gas is presumed undisturbed
by the dispersed phase. Therefore the passage from one-way to two-way coupling is more delicate.
2.1 Conservation Equations for particle properties
To derive local instantaneous Eulerian equations in dilute ows (without turbulence modication
by the particles), F´ evrier et al. [7], [6], [16] propose to use an averaging over all dispersed-phase
realizations conditioned by one carrier-phase realization. Such an averaging procedure leads to a
conditional velocity pdf for the dispersed phase,
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￿ are the realizations of position and velocity in time of any given particle [14] and
+
=
- is the
unique carrier ow realization. With this denition one may dene a local instantaneous particu-
late velocity eld, which is here named mesoscopic Eulerian particle velocity eld. This eld is
obtained by averaging the conditioned velocity pdf over all particle-ow realizations.
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is the mesoscopic particle-number density and
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stands for any ensemble averaged quantity.
For simplicity, the dependence of the above variables on
+
J
- is not shown explicitly. Application of
the conditional-averaging procedure to the kinetic equation governing the particle pdf leads directly
to the transport equations for the rst moments of number density and mesoscopic Eulerian velocity,
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Q
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R is the mesoscopic kinetic stress tensor of the particle velocity distribution discussed in
section 2.2. One of the current objectives is to show that this term is non-negligible for inertial
particles in turbulent ow. Due to the very small droplet Reynolds number value measured in the
simulation, the particle relaxation time
T
￿ is dened as the relaxation time for Stokes drag.
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2.2 The stress tensor of Random Uncorrelated Motion (RUM)
Thestressterm ineq.6 arisesfrom anensembleaverage of thenonlinearterminthe transportequation
for particle momentum,
(
@
￿
￿
X
(
Y
￿
￿
P
O
R
&
A
￿
￿
_
￿
Q
P
O
S
(
>
￿
Q
P
O
$
￿
￿
_
￿
Q
P
R
?
S
(
>
￿
Q
P
R
*
$
(
￿
￿
5
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
)
!
￿
"
*
!
‘
+
’
-
Q
$
D
C
￿
￿ (8)
&
(
@
￿
F
X
>
￿
Q
P
O
X
>
￿
Q
P
R
￿
7
8
+
.
-
H
￿
￿
; (9)
and contains the uncorrelated part of the particle motion. The uncorrelated part of the particle veloc-
ity is here referred to as Random Uncorrelated Motion (RUM) 1 When the Euler or Navier-Stokes
equations are derived from kinetic gas theory the trace of
F
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￿ is interpreted as temperature
(ignoring the Boltzmann constant and molecular mass) and related to pressure by an equation of state.
In the case of the Euler or Navier-Stokes equations temperature is dened as the uncorrelated part of
the kinetic energy. Here the uncorrelated part of the particulate kinetic energy is dened as
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In analogy to the Euler or Navier-Stokes equations a Random Uncorrelated Motion Pressure (RUMP)
may be dened by the product of uncorrelated kinetic energy and particle number density, as
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When the particle number distribution becomes nonuniform, as in the case of a compressible gas, this
pressure term tends to homogenize particle number density.
1RandomUncorrelatedMotion(RUM)hasbeenreferredtoasQuasiBrownianMotion(QBM)inpreviouspublications.
We agree that the expression Quasi Brownian is misleading since the physical interpretation of the uncorrelatedmotion is
not of brownian nature.
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The non-diagonal elements of the stress tensor can be identied, in analogy to the Navier-Stokes
equations, as a viscous terms due to shear. The diagonal part of the stress tensor is then proportionalto
one third of the trace of the tensor and an eventual deviation such that
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The momentum-transport equation (6) becomes
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In analogy to the derivation of the Navier-Stokes equations from kinetic gas theory the stress term
can be related to the gradients of the rst moments based on the Onsager relations [8]. Making some
assumptions on symmetry and isotropy the stress term can be modeled as detailed below:
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ThedynamicviscosityrelatedtoRandomUncorrelatedMotioncanbeestimatedby
^
c
f
e
D
g
&
￿
/
q
h
(
@
￿
T
￿
/
X
(
a
￿
[16] where
T
￿ is the relaxation time related to Stokes drag. This expression can be obtained using the
transport equation for the seperate stresses
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and supposing weak shear [1].
Preliminary tests with the closure model given in eq.13 failed since large segregation effects around
unity Stokes number imply shock like strong number density gradients that could not be handeled by
the numeric scheme [9]. There are two possible origins of this difculty: the chosen spatial resolu-
tion is insufcient to resolve the physics or the closure model does not describe the proper physics.
Supposing that the numerical resolution of the model is insufcient, several possibilities exist to cir-
cumvent this difculty. A different numerical scheme using up-winding or ux limiters would clearly
be able to capture those strong gradients but imply some type of numerical diffusion. Increasing spa-
tial resolution increases stronglynumerical cost such that here a ltering approach by a subgrid model
acting on the compressible component of the velocity is chosen. This subgrid model has the form of
a bulk viscous term
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subgrid bulk viscosity is mesh-size dependent
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lence, the spatial average of this bulk viscous term is zero, still it acts locally and leads to a smoothing
of the number density eld. Computations are performed with this heuristically introduced bulk vis-
cosity.
The closure model (eq. 13) requires the knowledge of
X
(
a
￿ which is developed in the next section.
2.3 The equation for Random Uncorrelated kinetic Energy (RUE)
To calculate the RUE, two approaches are presented; the rst one assumes a quasi isentropic behavior
of the dispersed phase leading to an algebraic expression for
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z istheresidualmeankineticenergyoftheparticlesaveragedoverthecomputationaldomainweighted
by moments of the particle distribution. In order to dene
z it is necessary to introduce some deni-
tions. Spatial averages (over the computational domain) are dened by
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The mean residual particle kinetic energy is dened as
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￿ . The expression in eq. 14 relates
therefore the local residual particle kinetic energy to the mean residual particle kinetic energy. It can
be obtained using the conservation equation for number density (eq. 5) and the lowest order conser-
vation equation for Random Uncorrelated Energy (RUE) in the Chapman-Enskog expansion [1]:
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Figure 1: Conditional average of RUM Energy on the number density in the Lagrangian computation
at different times.
It is then sufcient to multiply eq. 5 by
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simulations performed by P. F´ evrier [6] in stationary homogeneous isotropic turbulence suggest that
the mean residual kinetic energy
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The second approach uses the full transport equation for random uncorrelated kinetic energy [16]:
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This equation is the equivalent of the internal energy equation in the Navier Stokes equation. It
contains the same mechanisms such as increase in internal energy due to compression, production by
shear the modeling of the third order correlation by a diffusive ux. The diffusivity constant for RUM
is estimated by
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￿ . This is the equivalent of the Fick's law for the heat ux in the
Navier-Stokes equations. The only additional term in eq. 17 is due to drag since the uncorrelated
motion is dissipated by the drag friction with the carrier phase.
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3 Description of the numerical test case
Homogeneous isotropic turbulence is one of the classical cases where dynamics and dispersion of
particle laden ows can be studied. This has been done extensively using the Lagrangian formalism
and encouraging resultsand insightare obtained by such methods. Comparison of Lagrangian particle
tracking in decreasing homogeneous isotropic turbulence [4] with experimental measurements of par-
ticle dispersion in grid generated turbulence [17] show that essential features of the particle dynamics
can be captured. Preliminary computations with a simplied Eulerian formalism of this test case gave
encouraging results [10]. In the case of tracer particles (small Stokes number limit) Eulerian methods
are well suited to describe the dynamics [3]. With increasing Stokes number the particle velocities
become de-correlated from the gaseous carrier phase velocity. Inertia effects become important and
segregation occurs for Stokes numbers about unity. The subject of the study is therefore not only
the development of an adequate numerical tool but the validity of the Eulerian approach for Stokes
numbers from the tracer limit
￿
￿
￿
"
)
￿
￿
$ to unity. For the sake of simplicity here the case of decaying
homogeneous isotropic turbulence is studied. The carrier phase is initially supposed to have uniform
density and the velocity eld to be divergence free and the kinetic energy to follow a Passot-Pouquet
spectrum [13]. After roughly one turn over time the velocity eld is supposed a true solution of the
Navier Stokes equations and the dispersed phase is initialized. In the Lagrangian reference simula-
tion particles are homogeneously distributed in space and the initial particle velocities are equal to the
carrier phase velocity at the location of the particle. For the Eulerian computation this corresponds
to homogeneous particle number density eld and a mesoscopic particle velocity equal to the carrier
phase velocity. RUM is zero for this initialization and should develop during the simulation.
4 Computation of the Lagrangian reference solution
The Lagrangian particle tracking method is a well understood tool for the numerical investigation
of particle laden turbulence. In the case of Stokes drag the particle coordinate and velocities are
advanced in time with the following set of differential equations.
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In realistic applications particle numbers are so large that it is not possible to track all particles in-
dividually and particles are advanced as numerical particles that are supposed to represent a large
number of physical particles. In order not to bias the result by such a procedure here all particles
are computed individually. Special care is taken to evaluate the gaseous velocity
>
O
at the particle lo-
cation for the drag force by using high order interpolation methods [19]. The spatial resolution of the
gaseous phase is
￿
￿
￿
￿
￿
and an average of
￿
￿ particles are computed per gaseous node. This corresponds
to a total of
￿
￿
￿
;
￿
￿ million individual particles. This high particle number ensures convergence when
grid ltered elds are computed from the discrete particle distribution. The resulting continuouselds
are sensitive to the numerical procedure used. With the high number of particles used the error can
be shown to be smaller then
h
￿
¢
. This error has been estimated by using different ltering methods
on the carrier phase grid.
The carrier phase is solved by a 6th order spatial scheme with Runge Kutta time stepping. For the
evaluation of drag force, the velocity of the carrier phase is computed at the particle location using
interpolation methods.
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5 Spectral properties
Using the Fourier transformed velocities of the carrier phase
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$ one can construct three dimensional energy spectra and a spectral uid-particle
correlation.
ƒ
-
￿
￿
$
¡
&
￿
￿
£
>
O
￿
￿
$
£
>
O
￿
￿
$ (20)
ƒ
￿
￿
￿
$
¡
&
￿
￿
£
>
￿
Q
P
O
￿
￿
$
£
>
￿
Q
P
O
￿
￿
$ (21)
ƒ
-
￿
￿
￿
￿
$
¡
&
£
>
O
￿
￿
$
£
>
￿
Q
P
O
￿
￿
$ (22)
For established turbulent ow the undisturbed carrier phase kinetic energy follows the famous Kol-
mogorov spectrum. Here the interest lies on the behavior of the spectrum of the correlated particle
kinetic energy and the uid-particle correlation. Whereas the carrier phase is considered incompress-
ible segregation effects show that there must be a compressible component to the correlated dispersed
phase velocity. With the denition of Kraichnan [12] operators in the spectral velocity can be divided
into a compressible and an incompressible (solenoidal) component.
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(25)
This orthogonal decomposition allows to construct a compressible and a solenoidal spectral energy
such that the sum equals to the total spectral energy.
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Compressible kinetic energy is a phenomena that occurs in also supersonic turbulence such as in
interstellar gases that are highly compressible.
6 Reconstruction of the lter kernel
Here it is assumed that
ﬂ
(
@
￿ is the ltered number density eld of the equivalent resolved number
density eld
(
@
￿ . Formally the ltered number density eld is obtained by the following convolution
with the lter kernel:
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Using the Fourier transform property the convolution becomes a product in spectral space:
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Finally, by the real space lter kernel can be obtained by backward Fourier transform:
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The ltering kernel allows a qualitative comparison of the particle number density eld obtained by
the grid ltering of the Lagrangian simulation and the Eulerian prediction of the particle number den-
sity eld. When favre averaging is assumed this allows further more to obtain the ltered quantities
of mesoscopic velocity and RUM that correspond to the Eulerian prediction with subgrid operator.
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Figure 2: Temporal evolution of the uid, particle and uid-particle velocity correlations in an homo-
geneous isotropic decaying two-phase turbulence, comparison of results from Lagrangian simulations
(symbols) and Eulerian simulations (lines). For Eulerian-Eulerian approach the total particle kinetic
energy
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7 Results and Discussion
The Eulerian simulation is performed using a different code from the Lagrangian reference solution.
It uses a second order spatial scheme with a second order temporal correction (Lax Wendroff). For
the test cases carrier phase solutionsare identical and velocityspectra superpose. The dispersed phase
is computed using the same numerical method as the carrier phase imposing an additional limit on
the time step due to particle relaxation time. Simulations have been carried out for several particle
relaxation times.
7.1 Temporal evolution
In Fig. 2 the temporal evolution of carrier phase kinetic energy, particle kinetic energy and uid-
particle correlation are shown. The properties are averaged over the computational volume and de-
ned for the Eulerian simulation by
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and for the Lagrangian simulation by
￿
]
-
￿
￿
&
￿
”
…
»
O
￿
￿
O
￿
o
>
o (34)
￿
]
￿
&
￿
”
»
O
￿
￿
￿
￿
O
￿
o
￿
￿
O
￿
o (35)
The energy due to uncorrelated motion (RUE) is dened by
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such that the total particle kinetic energy can be decomposed
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The carrier phase kinetic energy decreases due to viscosity. Particle kinetic energy follows the carrier
phase kinetic energy with a delay of the order of the particle relaxation time. Due to particle inertia,
the particle velocities become partially uncorrelated in space and RUE begins to increase. This be-
havior of the integral quantities of correlated and uncorrelated particle kinetic energy as well as the
uid-particle correlation are well predicted by the Eulerian simulation using the transport equation
for RUE. Simulations using the isentropic approximation show results of similar quality.
7.2 Instantaneous local elds
Fig. 3 shows snapshots of number density and RUM Energy in the Lagrangian and the Eulerian
computation. The number density in the Eulerian computation admits smaller variations than the
number density in the Lagrangian computationdue to the heuristically introduced bulk viscosity. This
bulk viscosity acts on the compressible component of the velocity and thus limits compressibility
effects. Random Uncorrelated Energy admits qualitatively the same structures in the Eulerian and
Lagrangian computation.
The heuristically introduced bulk viscous term tends to render the spatial particle number density
more uniform. Without this bulk viscous term calculations can currently not be carried out: the
physical particle segregation is too large as it could be resolved by the numerical scheme. Since
the spatial average of the volume viscosity is however zero, it does not effect the temporal evolution
of the averaged kinetic energy of Random Uncorrelated Motion of the particles
X
4
￿
￿
]
￿ . Local values
instantaneous values of
X
(
a
￿ may differ notably from the values obtained in the Lagrangian simulation.
An important remaining question is therefore attached to the subgrid model in form of a bulk viscous
term. Higher spatial resolutions should clarify this problem if the encountered difculties are related
to numerical resolution. It is however not clear if the modeling of stresses by eq. 13 represents
correctly the physics and if this is at the origin of the encountered difculties. This point is under
current investigation with the strong support of the Lagrangian simulations.
7.3 Spectral kinetic energies
Fig. 4 shows spectra of the total kinetic energies of the dispersed phase as well as the compressible
kinetic energies of the Lagrangian and the Eulerian computation. First one remarks the high com-
pressible component of the kinetic energy compared to the gaseous carrier phase kinetic energy. This
causes structures similar to those known as eddy shocklets in compressible turbulence [5]. An other
feature of the compressible component of the compressible energy is that is of the same order of
magnitude as the solenoidal component at small scales and high wave numbers. The kinetic energy
spectra of the Eulerian computation does not reect this behavior to the same extend at small scales
while it reproduces the result of the kinetic energies at large scales and small wave numbers. This is
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Figure 3: Comparison of the normalized droplet number (
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Figure 4: Comparison of Lagrangian and Eulerian kinetic energy spectra at t=10.8.
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Figure 5: Filtering Kernel obtained by backward convolutionbetween the Lagrangian number density
eld and the Eulerian number density eld with a subgrid Pressure term. The left graph shows the
spatial lter and the right graph shows the spectral lter.
at least partially due to the bulk viscosity operator introduced heuristically to make the computation
possible.
7.4 Filtering Kernel
In the present case the unltered number density eld is not available from the Eulerian computation.
Therefore the equivalent Lagrangian number density eld is used to obtain the lter kernel. The
lter kernel is displayed in g.5. Since the lter is considered isotropic in space, averaging over
the different directions was performed and only the one dimensional kernel is retained. The gure
shows that the convolution kernel averages the Lagrangian number density eld a little more than the
neighboring grid cells. If interpreting this graph, one has to keep in mind that the Lagrangian number
density was already volume ltered to obtain a continuous eld.
7.5 Comparison of ltered spectra
Fig.6 showsthe spectra of totalandcompressiblekineticenergies of theLagrangian simulation,of the
ltered Lagrangian simulation using the lter described above and the Eulerian simulation. It shows
that the spectrum obtained from the favre ltered Lagrangian results exhibits the same qualitative
behavior as the spectra from the predictions of the Eulerian simulation. We conclude therefore that
the ltering interpretation is consistent.
8 Conclusion and perspectives
The presented study shows the capacity of Eulerian formalism to capture the dynamics of particles
at large scales even in the vicinity of unity Stokes numbers. Simulations were performed at very
small turbulent Reynolds numbers since simulations with higher Reynolds numbers of the carrier
phase showed deciencies in the spatial resolutions of the dispersed phase. Therefore tests have to
be extended to higher Reynolds numbers and it would be interesting to develop a subgrid model for
the dispersed phase. This would lead to Large Eddy Simulations in an Eulerian framework which
are very interesting for the unsteady computations of industrial applications with a high number of
particles or droplets.
Eventually it is necessary to quantify the capacity of such an approach in real geometries other than
the synthetic case of boxes with periodic boundary conditions. Possible congurations are particle
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Figure 6: Total and compressible kinetic energy in the Lagrangian, ltered Lagrangian and Eulerian
computation.
laden jetsor particle laden channel owwith andwithoutcollisions. Those couldbe than be compared
to Eulerian-Lagrangian simulations [18] and experiments [11] and show if the Eulerian-Eulerian ap-
proach has the same amount of mesocopic velocity and RUM in wall bounded ows.
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